In this paper, we study fixed point theorems for multi-valued weak contractions. We show that the Picard projection iteration converges to a fixed point, give a rate of convergence and generalize Collage theorem. This work includes results on multi-valued contraction mappings studied by (Kunze, H.E
Introduction
Let (X, d) be a metric space and T : X → X a mapping. We say that x ∈ X is a fixed point of T if T x = x. T is said to be an a-contraction mapping if there exists a constant a ∈ (0, 1), called a contraction factor, such that
d(T x, T y) ≤ ad(x, y) for all x, y ∈ X.
There are some well-known results on fixed point Theorems for contraction mappings. For instance, Theorem 1.1 [Banach theorem] ( Banach, S., 1922) Let (X, d) be a complete metric space and T : X → X be an acontraction mapping. Then T has a unique fixed point. (Barnsley, M.F., 1989) Let (X, d) be a complete metric space and T : X → X be an a-contraction mapping. Then for any x ∈ X, d(x, x * ) ≤ 1 1 − a d (x, T x) , where x * is the fixed point of T .
Theorem 1.2 [Collage Theorem]

Theorem 1.3 [Continuty of
Fixed Points](Centore, P. & Vrscay, E.R., 1994) Let (X, d) be a complete metric space and T 1 , T 2 : X → X be contraction mappings with contraction factors a 1 and a 2 and fixed points x
where
In this paper, we concern with multi-valued mapping T : X → P(X), i.e., a set-valued mapping from a space X to its power set P(X).
Let P(X) be the family of all nonempty subsets of X and let T be a set-valued mapping from X to P(X). An element x ∈ X such that x ∈ T x is called a fixed point of T . We denote by F T the set of all fixed points of T , i.e., F T = {x ∈ X : x ∈ T x}. Let (X, d) be a metric space and let CB(X) denote the family of all nonempty bounded closed subsets of X. For x ∈ X, A, B ∈ CB(X), we write 
In this work we extend Theorem 1.4-Theorem 1.6 to the case of multi-valued weak contraction introduced by (Berinde, M. & Berinde, V., 2007) . It is known that a contraction mapping is a weak contraction. We prove that the Picard projection iteration converges to a fixed point, give a rate of convergence and generalize Collage theorem in Section2. We show that the multi-valued Zamfirescu mappings introduced by (Kaewkhao, An. & Neammanee, K., 2010) , is a multi-valued weak contraction in final section. This means that the outcome of this work contain some results of (Kaewkhao, An. & Neammanee, K., 2010).
Multi-valued weak contraction mappings
In this section, we extend Theorem 1.4-Theorem 1.6 to the case of weak contraction and hence the results of (Kunze, H.E., La Torre, D. & Vrscay, E.R., 2007) are consequences of our work.
Definition 2.1 Let (X, d) be a metric space and T : X → CB(X) be a multi-valued mapping. T is said to be the multivalued weak contraction or multi-valued (θ, L)-weak contraction if and only if there exist constants θ ∈ (0, 1) and
Note that an a-contraction mapping is a (a, 0)-weak contraction.
We now state properties of metrics d and H on X and CB(X), respectively, used in our next results.
for all x, y ∈ X and A, B ∈ CB(X),
for all x ∈ X and A, B ∈ CB(X).
Theorem 2.2 Let (X, d) be a complete metric space and T : X → CB(X) be a compact multi-valued (θ, L)-weak contraction. Then (a) F T ∅;
(b) for any x 0 ∈ X, the Picard projection iteration sequence {x n } ∞ n=0 converges to some x * ∈ F T ; (c) the following estimates
hold.
Proof: Assume that T is a compact multi-valued (θ, L)-weak contraction and let x 0 be arbitrary and {x n } ∞ n=0 the Picard projection iteration.
For each n ∈ N we see that,
hence, by (4), we obtain
and
by mathematical induction.
Then, for any n, p ∈ N, (5) implies
Since 0 ≤ θ < 1, we have θ n → 0 (as n → ∞), so {x n } ∞ n=0 is a Cauchy sequence. Therefore {x n } ∞ n=0 converges to some x * ∈ X by completeness property of (X, d). Combining (1) and (3), we get
for all n = 0, 1, 2, ... Thus we have d(x * , T x * ) = 0 by letting n → ∞. Since T x * is closed, x * ∈ T x * . Hence (a) and (b) hold. To prove (c), we note by (6) that
As p → ∞, we get
www.ccsenet.org/jmr Inequalities (7) and (9) prove (c).
) be a complete metric space and T : X → CB(X) be a compact multi-valued (θ, L)-weak contraction mapping. Then
for all x 0 ∈ X.
Proof : Let x 0 ∈ X. By Theorem 2.2(b), there exists a point x * ∈ F T such that the Picard projection iteration sequence {x n } ∞ n=0 converges to x * and hence by Theorem 2.2(c) we have
Theorem 2.4 Let (X, d) be a complete metric space and T 1 , T 2 : X → CB(X) be compact multi-valued weak contractions with parameters (θ 1 , L 1 ) and (θ 2 , L 2 ), respectively. If F T 1 and F T 2 are closed and bounded, then
Proof: Let x ∈ F T 1 . By Corollary 2.3, we have
Take the supremum with respect to x ∈ F T 1 , we get
Next, upon interchanging F T 1 with F T 2 we obtain
Remark 2.5 Since an a-contraction is a (θ, 0)-weak contraction, Theorem 1.4 -Theorem 1.6 can be deduced from Theorem 2.2-Theorem 2.4.
Corollary 2.6 Let (X, d) be a complete metric space and T n : X → CB(X) be a sequence of compact multi-valued weak contractions with weak contractivity constants θ n such that sup n θ n = θ < 1. Suppose that T n → T with the metric d ∞ and T is a compact multi-valued weak contraction. Then F T n → F T with the Hausdorff metric.
Proof: This is obvious by Theorem 2.4.
Corollary 2.6 implies the following corollary.
Corollary 2.7 (Kunze, H.E., La Torre, D. & Vrscay, E.R., 2007) Let (X, d) be a complete metric space and T n : X → CB(X) be a sequence of compact multi-valued contractions with contractivity constants a n such that sup n a n = a < 1. Suppose that T n → T with the metric d ∞ and T is a compact multi-valued contraction. Then F T n → F T with the Hausdorff metric.
Multi-valued Zamfirescu mappings
Let (X, d) be a metric space and T : X → CB(X) be a multi-valued mapping. T is said to be a multi-valued Zamfirescu mapping if and only if there exist real numbers a, b and c satisfying 0 ≤ a < 1, 0 ≤ b < 1 2 and 0 ≤ c < 1 2 , such that, for each x, y ∈ X at least one of the following is true:
(z 1 ) H(T x, T y) ≤ ad(x, y) (z 2 ) H(T x, T y) ≤ b[d(x, T x) + d(y, T y)] (z 3 ) H(T x, T y) ≤ c[d(x, T y) + d(y, T x)].
Next Theorem is some result of (Kaewkhao, An. & Neammanee, K., 2010) . 
